In this paper we characterize all the linear C-derivations of the Fermat ring. We show that the Fermat ring has linear C-derivations with trivial ring of constants and construct some examples.
Introduction
The present paper deals with C-derivations of the Fermat ring , where C[X 1 , . . . , X n ] is the polynomial ring in n variables over the complex numbers C, n ≥ 3, m = (m 1 , . . . , m n ), m i ∈ Z and m i ≥ 2 for i = 1, . . . , n.
It is well known the difficulty to describe the ring of constants of an arbitrary derivation (see [1, 3, 4, 5] ). It is also difficult to decide if the ring of constants of a derivation is trivial (see [5, 6, 7] ). In this work we study the ring of constants of linear derivations of Fermat rings and its locally nilpotent derivations.
In [5] , Andrzej Nowicki presents a description of all linear C-derivations of the polynomial ring C[X 1 , . . . , X n ] which do not admit any nontrivial rational constant.
In a recent paper [1] , P. Brumatti and M. Veloso show that for m = (2, . . . , 2) the ring B m n has nonzero irreducible locally nilpotent derivations. Furthermore, whenever m 1 = · · · = m n , They show that certain classes of derivations of C[X 1 , . . . , X n ] do not induce derivations of B m n or are not locally nilpotent if they do.
In this work we obtain some similar results to [1] , considering more general Fermat rings. We present a description of all the linear C-derivations of B m n when m = (m 1 , . . . , m n ) and m i ≥ 3 (Theorem 5) and m = (2, . . . , 2) (Theorem 6). We also provide examples of linear derivations of B m n with trival ring constants.
The text is organized as follows: Section 1 gathers the basic definitions and notations. Further, we discuss several properties of the ring B 
Preliminaries and Some Results
In this paper the word "ring" means a commutative ring with unit and characteristic zero. Furthermore, we denote the group of units of a ring R by R * and the polynomial ring in n variables over R by R[X 1 , . . . , X n ]. A "domain" is an integral domain.
An additive mapping D : R → R is said to be a derivation of R if it satisfies the Leibniz rule:
The set of all derivations of R is denoted by Der(R), the set of all A-derivations of R by Der A (R) and by ker(D), the ring of constants of D, that is ker(D) = {a ∈ R | D(r) = 0}.
In this paper, the word "derivation" implicitly means a derivation which is C-derivation and therefore we will use the notation Der(B A derivation D is locally nilpotent if for each r ∈ R there is an integer n ≥ 0 such that D n (r) = 0. We denote by LN D(R) the set of all locally nilpotent derivations of R.
We say that a element b ∈ R is a Darboux element of D ∈ Der(R) if b = 0, b is not invertible in R and D(b) = λb for some λ ∈ R. In other words, a nonzero element b of R is a Darboux element of D if, and only if, the principal ideal (b) = {rb | r ∈ R} is different from R and it is invariant with respect to
is said to be an eigenvalue of b. In particular, every element nonzero and noninvertible element belonging to the ring of constants, ker D, is a Darboux element of D. If R is a domain and D(b) = λb, then it is easy to see such the eigenvalue λ is unique.
Lemma 1 Let B m n where m = (m 1 , . . . , m n ). Then, for each f ∈ B m n , there is a unique F ∈ C[X 1 , . . . , X n ] such that deg Xn < m n and f = F (x 1 , . . . , x n ).
Proof. It follows directly from the Euclidean division algorithm by considering the polynomial X An element of form ax
We assume that the zero element is a homogeneous element of any degree. Furthermore, we denote by V k the set of all homogeneous elements of degree k. Clearly V k is a subspace of B m n .
A set of generators for Der(B m n )
Now we will present a set of generators for the B m n -module Der(B m n ). First some notation will be established. Given H ∈ S = C[X 1 , . . . , X n ] and 1 ≤ i ≤ n, the partial derivative
∂Xi is denoted by H Xi . For all pairs i, j ∈ {1, . . . , n} with i = j, we define the derivation
I be a finitely generated C-algebra. Consider the C
[n] -submodule
in Der C (A). The Theorem 3 will be needed, its proof can be found in [2, P roposition 1].
is generated by the derivation ∂ and the derivations
From now on, the derivations D Fij , where
Note that E satisfies E(F ) = F . Hence, E ∈ Der(S) induces
As a consequence of Theorem 3 the following result is obtained: . . .
for some α ∈ C.
replacing in the Equation (2.1) we obtain 
Since the set {x 
Locally Nilpotent Derivations
In this section we proof that the unique locally nilpotent derivation linear of B I be a finitely generated C-algebra. Consider the C
in Der C (S). From this fact the following result is obtained.
Proposition 7
Proof.
Let F be the polynomial X m1 1
and
where Proof. The following equality can be verified by induction over s.
We know that d is locally nilpotent if and only if there exists r ∈ N such that d r (x i ) = 0 for all i. As {x 1 , . . . , x n } is linearly independent over C by the (3.3), the result follows. 
n be a homogeneous element of degree k, where 0 ≤ i n < m and a (i1···in) ∈ C.
The main result this section is: 
n . It follows from Theorems 13 and 5
In this section we focus on the Fermat rings
, where m = (2, . . . , 2) and n ≥ 3. For simplicity we denote B The next result will be useful for this purpose. 
Proof. It is easy to see that
d α (f ) = kaf . Suppose that d(f ) = λf . Then λf = d(f ) = d α (f ) + d s (f ) = −αkf + d s (f ). Hence, d s (f ) = (λ − kα)f. Now suppose d 1 (f ) = (λ − ka)f . Then d(f ) = d α (f ) + d s (f ) = kαf + (λ − kα)f = λf.
♦
The next Theorem shows that every skew-symmetric derivation has a nontrivial ring of constants and every nonzero scalar derivation has trivial ring of constants. 
Theorem 17
2) It suffices to prove that there is f ∈ B 
If B 2 = 0 consider the symmetric matrix B 2 . It follows from the above remark that for f = XB 2 X T we have d s (f ) = 0 and f ∈ C, because A = B 2 = 0. If B 2 = 0, then λ = 0 is eigenvalue of B and B T . In this case, choose a nonzero element f = a 1 x 1 + · · · + a n x n such that the nonzero vector (a 1 , . . . , a n )
T is an eigenvector of B 
= 0 for all homogeneous components f k of f . As a consequence of this fact we assume that f is a homogeneous element of degree k. Let α be a nonzero complex number that satisfies the conditions
This number exists because C is uncountable and the set of the numbers that satisfies 1) and 2) are countable. Let α be a number that satisfies the conditions 1) and 2), then d s (f ) = αf and d s (f ) = −kαf , for all f / ∈ C and for all positive integer k . Let d α be a scalar derivation defined by d α (x i ) = αx i , i = 1, . . . , n.
Finally, by considering the derivation
n is a nonzero homogeneous element of degree k, then d(g) = 0 if, and only if, d s (g) = −kαg, by Corollary 16, which implies k = 0. Therefore, g ∈ C * . ♦
We now provide and explicit example of such derivation:
We claim that ker(d) = C. To be more precise, let V k be the set of all homogeneous elements of degree k in C[y, z]. The set We thus get kαg = 0. And so k = 0. Therefore, f ∈ C. ♦ To conclude this section we construct two families of examples which illustrate this theorem. 
